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1. Heston model for an asset and it’s transformation
A new model assumed by Heston consists from two stochastic differential equations for a
traded asset (see [1]):

(1) dS; = S; sqrt(Vy) dW1;
where the volatility term is stochastic:
2) dV, =K (6-Vy) dt + £ sqrt(Vy) dW2,
and K, 0, € are positive constants, W1, and W2, are p-correlated:
3) dW1,dW2;=p dt
An Euler-Maruyama discretization (see [2]) of (1) and (2) will be produce something like:

4.0) Begin

4.1) A =t[k+1]-t[k]

4.2)  X[k] = NormalValue()

4.3) Z =NromalValue()

@4 Y[K] = p*X[k]+Z*sqrt(1-p*p)

4.5)  S[k+1] = S[k] + S[k]*sqrt(V[k])*X[k]*sqrt(A)

4.6)  V[k+1] = VI[k] + K(6-V[KDA + e*sqrt(V[K])*Y[k]*sqrt(A)
(4.7) End

Applying Ito’s lemma (see [3]), (1) will be:
5) d(InSy) =-V(t) dt /2 + sqrt(Vy) dW1,
that will produce after Euler-Maruyama discretization of (5) and (2) produce something like:
(6.0) Begin
(6.1) A =t[k+1]-t[k]

(6.2) XJ[k] = NormalValue()
(6.3) Z =NormalValue()
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(6.4)  Y[k] = p*X[k]+Z*sqrt(1-p*p)

(6.5) LNS[k+1]=LNS[k] - V[k]*A/2 + sqrt(V[k])*X[k]*sqrt(A)
(6.6)  V[k+1]= V[K] + KO-V[KDA + e*sqrt(V[K])*Y[k]*sqrt(A)
(6.7) End

Comparing complexity of (4.5) and (6.5):

(7) C(4.5) = 4*C(*)+C(sqrt)
8) C(6.5) = C(+)+C(-)+3*C(*)+C(/2)+C(sqrt)

If suppose that for float numbers we have:
) C(+H)+C(-)+C(/2) << C(*)
than, if number of nodes in a discretizated time interval is less by Nyax:
(10)  Nmax = C(exp)/(C(*)-C(+)-C(-)-C(/2))
the modified version of Heston’s discretization will be preffered.
2. Double-Heston model for an asset and it’s discretization
In [4], Heston model is extent to a two stochastic semivolatilities like:

(11.0) Begin

(11.1) dS¢=S;sqrt(Vy) dW1y + S¢ sqre(Va) dW 1y
(1 12) dVlt =K; (61—V1t) dt + €1 SqI‘t(Vlt) dW21t
(11.3) dV =K, (0,-Vy) dt + & sqrt(Vzt) dW2,,
(11.4) dW1;;dW2; =p; dt

(11.5) dW1, dW2y = p, dt

(11.6) End

with same rules for Kj, 0;, &, and W1;, and W2;; are p;-correlated. Discretization code with Euler
scheme is:

(12.0) Begin
(12.1) A = t[k+1]-t[k]
(12.2) X1[k] = NormalValue()
(12.3) X2[k] = NormalValue()
(12.4) Z1 = NormalValue()
(12.5) Z2 = NormalValue()
(12.6) Y1[k] = p1*X1[k]+Z1*sqrt(1-pl*p1)
(12.7) Y2[k] = p2*X2[k]+Z2*sqrt(1-p2*p2)
(12.8) S[k+1] = S[k] + S[k]*sqrt(V1[k])*X1[k]*sqrt(A)
+ S[k]*sqrt(V2[k])*X2[k]*sqrt(A)
(12.9) V1[k+1] = V1[k] + K1(01-V1[kDA + €1*sqrt(V1[k])*Y 1[k]*sqrt(A)
(12.10) V2[k+1] = V2[k] + K2(02-V2[kDA + €2*sqrt(V2[k])*Y2[k]*sqrt(A)
(12.11)End

After applying an Ito’s like lemma on (11.1) obtaining an alternative:
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(13)  d(n Sp)=-(Vi(t)+V2a(t)) dt /2 + sqrt(Vy) dW 1 + sqrt(Va) dWly
that will imply next discretization code:

(14.0) Begin

(14.1) A =t[k+1]-t[k]

(14.2) X1[k] = NormalValue()

(14.3) X2[k] = NormalValue()

(14.4) Z1 = NormalValue()

(14.5) Z2 = NormalValue()

(14.6) Y1[k] = p1*X1[k]+Z1*sqrt(1-pl*p1)

(14.7) Y2[k] = p2*X2[k]+Z2*sqrt(1-p2*p2)

(14.8) LNS[k+1] = LNS[k] — (V1[k]+V2[k])*A/2 + sqrt(V1[k])*X1[k]*sqrt(A)
+ sqrt(V2[k])*X2[k]*sqrt(A)

(14.9) V1[k+1] = V1[k] + K1(61-V1[kDA + €1*sqrt(V1[k])*Y 1[k]*sqrt(A)

(14.10) V2[k+1] = V2[k] + K2(02-V2[Kk])A + €2*sqrt(V2[k])*Y2[k]*sqrt(A)

(14.11)End

3. Multi-Heston model for an asset and it’s discretization
For a Multi-Heston model:

(151) dSt = St Sqrt(VIt) dWllt + ...+ St Sqrt(th) dWlpt
(15.2) dVii=K; (6;-Vy) dt + g sqrt(Vit) dW2;, i=1,p
(15.3) dW1; dW2; = p; dt, i=1,p

Before and after modification of (15.1) we have:

(16.0) Begin

(16.1) A =t[k+1]-t[k]

(16.2) Tt:=0

(16.3) Fori:=1topdo

(16.4) X =NormalValue()

(16.5) Z = NormalValue()

(16.6) Y = p[i]*X+Z*sqrt(1-p[i]*p[i])
(16.7) Tt +=sqrt(V[i][k])*X

(16.8)  VIi][k+1] = V[i][k] + K[i](B[i]-V[1][KDA + e[i]*sqrt(V[i][k])* Y *sqrt(A)
(16.9) EndFor

(16.10)S[k+1] = S[k] * (1 + Tt) * sqrt(A)
(16.11)End

and:

(17.0) Begin

(17.1) A =t[k+1]-t[Kk]

(17.2) Vv:=0

(17.3) Tt:=0

(17.4) Fori:=1to pdo

(17.5) X =NormalValue()

(17.6) Z = NormalValue()

(17.7) Y = pli]*X+Z*sqrt(1-p[i]*p[i])
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(17.8)
(17.9)

Vv += V[i][k]
Tt += sqre(V[i][k])*X

(17.10) VIil[k+1] = V[i][k] + K[i](B[i]-V[il[kDA + g[i]*sqrt(V[i][k])* Y *sqrt(A)
(17.11)EndFor

(17.12)LNS[k+1] = LNS[k] — VVv*A/2 + Tt*sqrt(A)

(17.13)End

4. Further works

We want to build some modifications of (17) as an modified IJK, BK, and TG scheme (see

[5]) built on Millstein discretization scheme.
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